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Abstract: Rarefaction has long represented a powerful tool for detecting species richness and its variation across spatial scales.
Some authors recently reintroduced the mathematical expression for calculating sample-based rarefaction curves. While some
of them did not claim any advances, others presented this formula as a new analytical solution. We provide evidence about

formulations of the sample-based rarefaction formula older than those recently proposed in ecological literature.

Accumulation and rarefaction curves

In biogeography and community ecology, a widely-ap-
plied protocol to assess whether a site has been sufficiently
sampled is based on curves showing the increase in the
number of recorded species as the sampling effort increases.
A curve approximately reaching an asymptote indicates that
few or no species would be collected if sampling effort is fur-
ther increased. On the other hand, a curve which sharply rises
near its end should mean that many new species could be re-
corded by additional sampling effort. In a relatively new ter-
minology, such curves are referred to as species accumula-
tion curves (ACs), or, using an older jargon, collectors’
curves (see Colwell and Coddington 1994). These curves are
also widely adopted to describe species diversity patterns
(e.g., Ricotta et al. 2002; Crist and Veech 2006).

In order to avoid misinterpretations, Gotelli and Colwell
(2001) provided some unambiguous definitions regarding
the curves adopted to describe the accumulation of species.
According to Gotelli and Colwell (2001), given a collection
of n individuals, an individual-based AC is the plot of §;
against i (i = 1,...,n), where S; represents the number of spe-
cies observed among 7 individuals when they are pooled, one
at a time, in a given order. Individual-based ACs require ab-
solute abundance data for each species, in terms of the
number of individuals. In many cases, however, data are col-
lected by means of plots, transects or traps, each of them giv-
ing rise to a “sample” of individuals. Accordingly, given a
collection of n such samples, a sample-based AC is built sim-

ply by successively pooling these samples rather than indi-
viduals. Thus, as pointed out by Gotelli and Colwell (2001),
the key distinction between individual-based and sample-
based ACs is the accumulation unit: an individual vs. a sam-
ple of individuals. Sample-based ACs have the advantage
that only presence or absence of species needs to be detected
or recorded (incidence data).

When constructing ACs, individuals or samples may be
pooled in the order they are recorded (as in a time-series data)
or in any other order. Obviously, the order in which individu-
als or samples are added affects the shape of the resulting
curve (Gotelli and Colwell 2001; Ugland et al. 2003). For a
given individual-based or sample-based set of data, there are
n! possible ACs. To overcome this problem and provide a
unique descriptor for any given data set, an order-free curve
can be adopted. Given a collection of » individuals or sam-
ples, the rarefaction curve (RC) is the plot of S; againsti (i =
1.....n), where S; represents the arithmetic mean of the S; val-
ues arising from all the possible n! orderings. An individual-
based or sample-based RC can be calculated, in accordance
with the corresponding AC from which it derives. Thus, if G
denotes the set of species observed in the collection of # in-
dividuals (or n samples), S,, denotes the total number of ob-
served species and 7, denotes the number of individuals be-
longing to species k€ G (or the number or samples containing
at least one individual of species ke G), then, from elemen-
tary combinatorial considerations, for both the sample- and
individual-based curves the arithmetic mean of the S; turns
out to be
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Formally, expression (1) may be viewed as the expectation
of' S; when i individuals or i samples are resampled by means
of simple random sampling without replacement from the
collection of the # individuals or samples. A different formu-
lation was derived for cases in which the » individuals or
samples, are resampled with replacement (see e.g., expres-
sion 30 in Hulberts 1971 paper for individual based curves).
However, as stressed by Hulbert (1971), the two formula-
tions produce similar results when the size of the considered
population is large enough.

“Repetita iuvant”? Multiple rediscovering of
sample-based rarefaction curves

The use of individual-based RCs became a well-known
procedure, mostly after Sanders (1968). This author sug-
gested the use of RCs on the basis of the intuition that, since
the species richness in a collection of » biological units tends
to increase with #, the effective comparison of species rich-
ness among different collections required all of them to be
reduced to the same number of units (presumably that in the
smallest collection). To this purpose, the author proposed a
computational method, referred to as rarefaction, aimed to
determine S; for each i = 1....n. Subsequently, Hurlbert
(1971) and Simberloft (1972) independently noted that the
Sanders method was incorrect, both arriving at the right ex-
pression (1).

The same elementary considerations leading to the indi-
vidual-based RC can be used to derive expression (1) for the
sample-based RC. Kobayashi (1974, p. 227), in the English-
language Japanese journal Researches on Population Ecol-
ogy, and then E. P. Smith et al. (1985, pp. 167-168), in the
aquatic and marine biology journal Hydrobiologia, cited Shi-
nozaki (1963, in a Japanese proceedings volume) as the
author firstly deriving expression (1) for a collection of sam-
ples. Note that the same expression (or other equivalent
forms) was independently derived in the marine biology lit-
erature also by Holthe (1975), Engen (1976) and later, in the
statistical literature, by W. Smith et al. (1979, p. 188, in a
book including conference proceedings). Unfortunately,
these papers were ignored for long time and, as a conse-
quence, the analytical formulation of sample-based RC was
largely neglected in ecological papers as well. Hence, in most
areas of ecology sample-based RCs were computed by
means of randomisation methods in which a large set of sam-
ple orderings is randomly selected from the universe of all
the orderings (see, e.g., early versions of the widely-applied
EstimateS software; current versions use expression (1)).
Even Gotelli and Colwell (2001) justified the use of randomi-
zation procedures to compute sample-based RCs, emphasiz-
ing the impossibility of deriving a closed expression for sam-
ple-based RCs. In fact, Gotelli and Colwell (2001, p. 383)
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stated that “Because the sample-based rarefaction curve de-
pends on the spatial distribution of individuals as well as the
size and placement of samples..., it cannot be derived theo-
retically”. Recently, Ugland et al. (2003) and Koellner et al.
(2004) reintroduced the analytical expression (1) for sample-
based RCs in the ecological literature. While the latter re-
search group did not claim any priority by presenting expres-
sion (1) as a result derived “according to Hurlbert and
Simberloff” (Koellner et al., 2004, p. 544), Ugland et al.
(2003, p. 889) claimed the derivation of an “analytical
method which gives exact cumulative numbers of species and
so obviates the need for randomisation using Monte Carlo
technique and curve fitting”. Later in the same paper, Ugland
et al. (2003, p. 894 and 895) referred twice to it as “our new
method”, thus apparently claiming the first derivation of ex-
pression (1). However, the same analytical formulation of
sample-based RC was already known at least 40 years earlier,
as outlined above. In the same period, other authors (Colwell
etal., 2004,; Mao et al., 2005) independently derived expres-
sion (1) as the unbiased moment estimator of the expected
number of species detected by means of i samples, under the
assumption that species detection occurs in accordance with
a mixture of binomial densities (statistical details of the deri-
vation are in Mao et al. 2005). Furthermore, Mao et al. 2005
also proposed a variance estimator which allows the con-
struction of unconditional confidence intervals. It is also pos-
sible that other authors also presented the analytical deriva-
tion of expression (1) as their own result. On the other hand,
at least a couple of ecological papers (Johnson and Patil,
1995; Ricotta et al., 2002) used the correct expression (1) for
sample-based RC before its re-introduction by Ugland et al.
(2003) and Colwell et al. (2004), and properly referred its
derivation to Kobayashi (1974) and Engen (1976).

Of course, these multiple rediscoveries of the sample-
based rarefaction formula (1) have been useful for present-
day ecologists and biogeographers to know the proper way
to calculate the average number of species detected by a
given number of samples without using randomisation pro-
cedures: “repetita iuvant” according to the well known Latin
locution! However, this redundancy is likely to determine in-
stability and confusion about the credit to be given to the
authors achieving this result, especially among ecologists
working in different fields of ecology (e.g., marine and. ter-
restrial ecology) and those less familiar with the statistical
literature. Moreover, even if expression (1) is now familiar
to ecologists, the randomisation procedure is still offered by
some software packages (e.g., PC-Ord version 5 - http:/
home.centurytel.net/~mjm/pcordwin.htm - even if this is
done in the framework of species-area relations) and this is
likely to create ambiguities and misunderstandings. Indeed,
the randomisation procedure is completely needless, given
the existence of expression (1). Of course, this is mostly a
formal problem, since the results obtained with a large
number of randomisations are virtually identical to those ob-
tained with the analytical procedure.

Fortunately, the problem is less complex than it appears:
sample-based RCs simply constitute order-free curves show-
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ing the increase in the number of recorded species as the
number of samples increases from 1 to n. Consequently, sam-
ple-based RCs can be straightforwardly computed by expres-
sion (1) just as their individual-based counterparts, and this
is now clear also in the ecological literature. Increasing im-
portance has been attributed to the rarefaction formula in re-
cent years, as a basic approach to many different community
statistics. As an example, Crist and Veech (2006) used sam-
pled-based rarefaction curves for computing the alpha, beta
and gamma components of species diversity in a set of sam-
pling units (the individual-based counterpart was derived by
Olszewski 2004). Also, Ricotta (2004) used expression (1) as
a starting point for deriving a parametric diversity index for
combining species relative abundances with their taxonomic
distinctiveness.

The only problem to be really clarified is the authorship
that should be credited for introducing the analytical deriva-
tion of the sample-based RC (1). In this paper, we provided
evidence that this is at least 40 years older than that reported
in present-day ecological literature. It should be remarked
that in almost all early cases, expression (1) was introduced
in the framework of species area-relations and not for the
specific purpose of rarefaction curves. In any case, the first
introduction of this formula should be referred to a paper
written in Japanese by Shinozaki (1963), or to Kobayashi
(1974) if considering English-language literature only — at
least until someone finds even earlier publications of this for-
mula! As a concluding remark, this relatively short history
highlights a problem that can be observed also with respect
to other scientific concepts and methods, i.e. that often no, or
too little, credit is given to the non Anglo-Saxon researchers,
and especially to the research papers that were published in
languages different from English. Geographic biases in the
citation of scientific papers have been widely demonstrated
in ecology as well as other scientific fields (see e.g., May,
1997; Paris et al., 1998; Wong and Kokko, 2005). Therefore,
it is very important to recognise when possible the role of
previous and non-cited authors in the progress of scientific
knowledge. The rediscovery of parametric indices of diver-
sity could be cited as an example of this problem in the eco-
logical literature (see Ricotta, 2005 and Lovei, 2005 for a de-
scription of this story).
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